
Free enery landscape
Two universality classes of glasses

Two-spin interacting glasses: SK – model
versus

Multi-spin interactions: p-spin model

With very different phenomenology!
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Becomes critical, long ranged!
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Signatures of the spin glass transition

AC-susceptibility in Cu-0.9%Mn
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Structural Glasses: viscous liquids



Structural Glass transition:Viscosity
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From C. A. Angell, Science, 1995



Glass transition:Viscosity
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•van der Waals
liquids

•high plasticity
above Tg
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Strong glasses

( ) sec1010      Poise10 3214 -»«= relgTη tDefinition of Tg :

From C. A. Angell, Science, 1995



Free energy landscape
Study two universality classes of glasses

Two-spin interacting glasses: SK – model
versus

Multi-spin interactions: p-spin model

Motivation for multi-spin models: 
• Optimization problems (3-SAT) have multi-spin interactions
• Langevin dynamics of mean field p-spin model is identical 

to mode-coupling approximation to supercooled liquids! 



Free energy landscape



Simple model for supercooled liquids

Supercooled liquids:

Liquids that fail to crystallize, ansd thus remain amorphous and non-rigid
but get very viscous and slow

Kirkpatrick, Thirumalai, Wolynes



Simple model for supercooled liquids

Supercooled liquids:

Liquids that fail to crystallize, ansd thus remain amorphous and non-rigid
but get very viscous and slow

Kirkpatrick, Thirumalai, Wolynes

Relation with spin models??



Simple model for supercooled liquids
Simple liquid Hamiltonian 

Langevin equation

The dynamical evolution equations for such a liquid are identical to those of 
a p-spin model (see later).

→ Conjecture / belief: The glass transition and the structure of the glass 
phase of models with interactions between p>2 spins captures the essence 
of the physics of structural glasses (that have no intrinsic but only self-
generated disorder!)  

Kirkpatrick, Thirumalai, Wolynes

𝜙(𝑟): local density 



The spherical p-spin model

Gaussian disorder with zero mean and variance:

ensures O(1) local fields and O(N) total energy.

Hamiltonian

Spherical constraint (easy to compute - but for p=2 trivializes the model) 



The spherical p-spin model

Free energy functional -- Zeroth order (entropy):

𝜕𝐴!

𝜕𝜆"
! = 0 → 𝜆"! = 2𝜇𝑚"

Saddle point:

Hamiltonian

Spherical constraint (easy to compute - but for p=2 trivializes the model) 



The spherical p-spin model

𝑑𝐴#

𝑑𝛽
= − 𝐻 → =

(𝛽 = 0)

Free energy functional -- First order (mean energy):

Hamiltonian

Spherical constraint (easy to compute - but for p=2 trivializes the model) 



The spherical p-spin model

→

<latexit sha1_base64="3/Bm2upg8WBNv3ebrw6Jca9z8ps="></latexit>

U = H � hHi �
X

i

@��
�
i (�i �mi)

Free energy functional -- Second order (Onsager / vdW-like term):

Hamiltonian

Spherical constraint (easy to compute - but for p=2 trivializes the model) 

𝑑!𝐴"

𝑑𝛽! = 𝑈#!

<latexit sha1_base64="j7vSJaqoR0P557/Pbj90MdmS1uM="></latexit>
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The spherical p-spin model

→

<latexit sha1_base64="3/Bm2upg8WBNv3ebrw6Jca9z8ps="></latexit>

U = H � hHi �
X
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Free energy functional -- Second order (Onsager / vdW-like term):

Hamiltonian

Spherical constraint (easy to compute - but for p=2 trivializes the model) 

Use

2$3%

24$
= 𝑈56 = 𝑈5 (𝐻 − 𝐻 5) = 

<latexit sha1_base64="j7vSJaqoR0P557/Pbj90MdmS1uM="></latexit>
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The spherical p-spin model

→

<latexit sha1_base64="3/Bm2upg8WBNv3ebrw6Jca9z8ps="></latexit>

U = H � hHi �
X

i

@��
�
i (�i �mi)

Free energy functional -- Second order (Onsager / vdW-like term):

Hamiltonian

Spherical constraint (easy to compute - but for p=2 trivializes the model) 

Use

<latexit sha1_base64="axRBLNHCioDlRzndsOLctlbI8gs="></latexit>

Np

p!

p!

2Np�1
(1� qp � pqp�1(1� q)) =

N

2
(1� qp � pqp�1(1� q))2$3%

24$
= 𝑈56 = 𝑈5 (𝐻 − 𝐻 5) = 

<latexit sha1_base64="3ts0/5Yk0Re6Uen1kSkECFHACi4="></latexit>
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The spherical p-spin model

<latexit sha1_base64="RZ/SczEFLfqhxO1fHiq4pxBBy9U=">AAAB/3icdVDLSsNAFJ34rPEVFVduBkuhbkpSSm0XQtGFrqSCfUATwmQ6aYdOHsxMhBKy8FNcCQri1u9w5d84aSuo6IELh3Pu5d57vJhRIU3zQ1taXlldWy9s6Jtb2zu7xt5+V0QJx6SDIxbxvocEYTQkHUklI/2YExR4jPS8yUXu9+4IFzQKb+U0Jk6ARiH1KUZSSa5xaPsc4fSybKeBS+3sJEuvszPXKJoVU6FehzmxGqalSLPZqFab0JpZplkEC7Rd490eRjgJSCgxQ0IMLDOWToq4pJiRTC/ZiSAxwhM0IgNFQxQQ4aSz+zNYUsoQ+hFXFUo4U/VvEykKhJgGnuoMkByL314u/uUNEuk3nJSGcSJJiOeL/IRBGcE8DDiknGDJpoogzKk6FuIxUoFIFZmuUvh6Ff5PutWKVa/UbmrF1vkijwI4AsegDCxwClrgCrRBB2CQggfwBJ61e+1Re9Fe561L2mLmAPyA9vYJq8aV3g==</latexit>

G({mi})
N

=

Free energy functional: (0th +1st +2nd order)

Hamiltonian

Spherical constraint (easy to compute - but for p=2 trivializes the model) 



The spherical p-spin model

<latexit sha1_base64="RZ/SczEFLfqhxO1fHiq4pxBBy9U=">AAAB/3icdVDLSsNAFJ34rPEVFVduBkuhbkpSSm0XQtGFrqSCfUATwmQ6aYdOHsxMhBKy8FNcCQri1u9w5d84aSuo6IELh3Pu5d57vJhRIU3zQ1taXlldWy9s6Jtb2zu7xt5+V0QJx6SDIxbxvocEYTQkHUklI/2YExR4jPS8yUXu9+4IFzQKb+U0Jk6ARiH1KUZSSa5xaPsc4fSybKeBS+3sJEuvszPXKJoVU6FehzmxGqalSLPZqFab0JpZplkEC7Rd490eRjgJSCgxQ0IMLDOWToq4pJiRTC/ZiSAxwhM0IgNFQxQQ4aSz+zNYUsoQ+hFXFUo4U/VvEykKhJgGnuoMkByL314u/uUNEuk3nJSGcSJJiOeL/IRBGcE8DDiknGDJpoogzKk6FuIxUoFIFZmuUvh6Ff5PutWKVa/UbmrF1vkijwI4AsegDCxwClrgCrRBB2CQggfwBJ61e+1Re9Fe561L2mLmAPyA9vYJq8aV3g==</latexit>

G({mi})
N

=

Pure states = Minima of G !
free energy
weight of pure state in the full Gibbs measure

<latexit sha1_base64="DM7qVZRS008m/qDT0TA8i18irNU="></latexit>

Nf↵ = G({m↵
i })

<latexit sha1_base64="GaF0VjK3bmFkQpM1d47p1E05KQo="></latexit>

w↵ / exp(��Nf↵)

Free energy functional:

Hamiltonian

Spherical constraint (easy to compute - but for p=2 trivializes the model) 



The spherical p-spin model

<latexit sha1_base64="RZ/SczEFLfqhxO1fHiq4pxBBy9U=">AAAB/3icdVDLSsNAFJ34rPEVFVduBkuhbkpSSm0XQtGFrqSCfUATwmQ6aYdOHsxMhBKy8FNcCQri1u9w5d84aSuo6IELh3Pu5d57vJhRIU3zQ1taXlldWy9s6Jtb2zu7xt5+V0QJx6SDIxbxvocEYTQkHUklI/2YExR4jPS8yUXu9+4IFzQKb+U0Jk6ARiH1KUZSSa5xaPsc4fSybKeBS+3sJEuvszPXKJoVU6FehzmxGqalSLPZqFab0JpZplkEC7Rd490eRjgJSCgxQ0IMLDOWToq4pJiRTC/ZiSAxwhM0IgNFQxQQ4aSz+zNYUsoQ+hFXFUo4U/VvEykKhJgGnuoMkByL314u/uUNEuk3nJSGcSJJiOeL/IRBGcE8DDiknGDJpoogzKk6FuIxUoFIFZmuUvh6Ff5PutWKVa/UbmrF1vkijwI4AsegDCxwClrgCrRBB2CQggfwBJ61e+1Re9Fe561L2mLmAPyA9vYJq8aV3g==</latexit>

G({mi})
N

=

Pure states = Minima of G !
free energy
weight of pure state in the full Gibbs measure

Can show: metastable states capture the essential phase space:  

<latexit sha1_base64="DM7qVZRS008m/qDT0TA8i18irNU="></latexit>

Nf↵ = G({m↵
i })

<latexit sha1_base64="A9Col7genQ21NUuoSCCh2a/IYW8="></latexit>

log(
X

↵

w↵) = log(Zfull)

<latexit sha1_base64="GaF0VjK3bmFkQpM1d47p1E05KQo="></latexit>

w↵ / exp(��Nf↵)

Free energy functional:

Hamiltonian

Spherical constraint (easy to compute - but for p=2 trivializes the model) 



The spherical p-spin model

<latexit sha1_base64="RZ/SczEFLfqhxO1fHiq4pxBBy9U=">AAAB/3icdVDLSsNAFJ34rPEVFVduBkuhbkpSSm0XQtGFrqSCfUATwmQ6aYdOHsxMhBKy8FNcCQri1u9w5d84aSuo6IELh3Pu5d57vJhRIU3zQ1taXlldWy9s6Jtb2zu7xt5+V0QJx6SDIxbxvocEYTQkHUklI/2YExR4jPS8yUXu9+4IFzQKb+U0Jk6ARiH1KUZSSa5xaPsc4fSybKeBS+3sJEuvszPXKJoVU6FehzmxGqalSLPZqFab0JpZplkEC7Rd490eRjgJSCgxQ0IMLDOWToq4pJiRTC/ZiSAxwhM0IgNFQxQQ4aSz+zNYUsoQ+hFXFUo4U/VvEykKhJgGnuoMkByL314u/uUNEuk3nJSGcSJJiOeL/IRBGcE8DDiknGDJpoogzKk6FuIxUoFIFZmuUvh6Ff5PutWKVa/UbmrF1vkijwI4AsegDCxwClrgCrRBB2CQggfwBJ61e+1Re9Fe561L2mLmAPyA9vYJq8aV3g==</latexit>

G({mi})
N

=

Pure states = Minima of G !

Free energy functional:

Hamiltonian

Spherical constraint (easy to compute - but for p=2 trivializes the model) 

Write
<latexit sha1_base64="j5BMt92kq1GSO173wlhKP2QbVsk="></latexit>

mi =
p
qni

X
n2
i = N



The spherical p-spin model

<latexit sha1_base64="RZ/SczEFLfqhxO1fHiq4pxBBy9U=">AAAB/3icdVDLSsNAFJ34rPEVFVduBkuhbkpSSm0XQtGFrqSCfUATwmQ6aYdOHsxMhBKy8FNcCQri1u9w5d84aSuo6IELh3Pu5d57vJhRIU3zQ1taXlldWy9s6Jtb2zu7xt5+V0QJx6SDIxbxvocEYTQkHUklI/2YExR4jPS8yUXu9+4IFzQKb+U0Jk6ARiH1KUZSSa5xaPsc4fSybKeBS+3sJEuvszPXKJoVU6FehzmxGqalSLPZqFab0JpZplkEC7Rd490eRjgJSCgxQ0IMLDOWToq4pJiRTC/ZiSAxwhM0IgNFQxQQ4aSz+zNYUsoQ+hFXFUo4U/VvEykKhJgGnuoMkByL314u/uUNEuk3nJSGcSJJiOeL/IRBGcE8DDiknGDJpoogzKk6FuIxUoFIFZmuUvh6Ff5PutWKVa/UbmrF1vkijwI4AsegDCxwClrgCrRBB2CQggfwBJ61e+1Re9Fe561L2mLmAPyA9vYJq8aV3g==</latexit>

G({mi})
N

=

Pure states = Minima of G !

Free energy functional:

Hamiltonian

Spherical constraint (easy to compute - but for p=2 trivializes the model) 

Write

Peculiarity of spherical model: 
• Minimization of G wrt ni is independent of T ! 
• Minima have constant “angular” texture ni. Only q = q(T) changes with T, until instability occurs at T*.

<latexit sha1_base64="j5BMt92kq1GSO173wlhKP2QbVsk="></latexit>

mi =
p
qni

X
n2
i = N

(Minimum-maximum merger)



The spherical p-spin model

<latexit sha1_base64="RZ/SczEFLfqhxO1fHiq4pxBBy9U=">AAAB/3icdVDLSsNAFJ34rPEVFVduBkuhbkpSSm0XQtGFrqSCfUATwmQ6aYdOHsxMhBKy8FNcCQri1u9w5d84aSuo6IELh3Pu5d57vJhRIU3zQ1taXlldWy9s6Jtb2zu7xt5+V0QJx6SDIxbxvocEYTQkHUklI/2YExR4jPS8yUXu9+4IFzQKb+U0Jk6ARiH1KUZSSa5xaPsc4fSybKeBS+3sJEuvszPXKJoVU6FehzmxGqalSLPZqFab0JpZplkEC7Rd490eRjgJSCgxQ0IMLDOWToq4pJiRTC/ZiSAxwhM0IgNFQxQQ4aSz+zNYUsoQ+hFXFUo4U/VvEykKhJgGnuoMkByL314u/uUNEuk3nJSGcSJJiOeL/IRBGcE8DDiknGDJpoogzKk6FuIxUoFIFZmuUvh6Ff5PutWKVa/UbmrF1vkijwI4AsegDCxwClrgCrRBB2CQggfwBJ61e+1Re9Fe561L2mLmAPyA9vYJq8aV3g==</latexit>

G({mi})
N

=

Pure states = Minima of G !

Free energy functional:

Hamiltonian

Spherical constraint (easy to compute - but for p=2 trivializes the model) 

Write

Peculiarity of spherical model: 
• Minimization of G wrt ni is independent of T ! 
• Minima have constant “angular” texture ni. Only q = q(T) changes with T, until instability occurs at T*.

<latexit sha1_base64="j5BMt92kq1GSO173wlhKP2QbVsk="></latexit>

mi =
p
qni

X
n2
i = N

(Minimum-maximum merger)

<latexit sha1_base64="kgP+J3w7L564smQSu2yNRQmNKEQ=">AAACAnicdZDLSgMxFIYz9VbH26gbwU2wFFzVTCm1XQhFF7qsYC/QDiWTZtrQzMUkI5ShrnwUV4KCuPUtXPk2ZtoqKnog8PH/5yQ5vxtxJhVC70ZmYXFpeSW7aq6tb2xuWds7TRnGgtAGCXko2i6WlLOANhRTnLYjQbHvctpyR2ep37qhQrIwuFLjiDo+HgTMYwQrLfWsvW6EhWKYw/OjL7yGJ6hn5VAB6SqXYQp2BdkaqtVKsViF9tRCKAfmVe9Zb91+SGKfBopwLGXHRpFykvRKwunEzHdjSSNMRnhAOxoD7FPpJNMVJjCvlT70QqFPoOBUNb9NJNiXcuy7utPHaih/e6n4l9eJlVdxEhZEsaIBmT3kxRyqEKZ5wD4TlCg+1oCJYPqzkAyxwETp1Eydwueq8H9oFgt2uVC6LOVqp/M8smAfHIBDYINjUAMXoA4agIBbcA8ewZNxZzwYz8bLrDVjzGd2wY8yXj8AtIKWUg==</latexit>

@G/@q = 0 Has no solution 
anymore



The spherical p-spin model
Solutions to the angular equations:

T = 0 : 
• minima exist with energies

<latexit sha1_base64="CHX3lqjvBNr9bl0EsXeFn3C2UhI=">AAACB3icdZDLSgMxFIYz9VbrrepShGApuJAyU0ptd0U3LivYC7RDyaSnbWiSGZKMUIauXPkorgQFceszuPJtTC+Cih4IfPz/OZycP4g408Z1P5zUyura+kZ6M7O1vbO7l90/aOowVhQaNOShagdEA2cSGoYZDu1IAREBh1Ywvpz5rVtQmoXyxkwi8AUZSjZglBgr9bLH0GUSd6CXdJXAgsnp2ZLNaOr3sjm34Noql/EMvIrrWahWK8ViFXtzy3VzaFn1Xva92w9pLEAayonWHc+NjJ8QZRjlMM3ku7GGiNAxGULHoiQCtJ/M75jivFX6eBAq+6TBczXzbSIhQuuJCGynIGakf3sz8S+vE5tBxU+YjGIDki4WDWKOTYhnoeA+U0ANn1ggVDH7WUxHRBFqbHQZm8LXqfh/aBYLXrlQui7lahfLPNLoCJ2gU+Shc1RDV6iOGoiiO/SAntCzc+88Oi/O66I15SxnDtGPct4+AaJumSg=</latexit>

e 2 [emin, eth]

Threshold 
Marginal states

e> eth: energy 
landscape 
dominated by 
saddles, not by 
minima

Ground state



The spherical p-spin model
Solutions to the angular equations:

T = 0 : 
• minima exist with energies
• There is an exponential number of them
• Σ 𝑒$"% = 0, and Σ is concave, increases with e 

<latexit sha1_base64="CHX3lqjvBNr9bl0EsXeFn3C2UhI=">AAACB3icdZDLSgMxFIYz9VbrrepShGApuJAyU0ptd0U3LivYC7RDyaSnbWiSGZKMUIauXPkorgQFceszuPJtTC+Cih4IfPz/OZycP4g408Z1P5zUyura+kZ6M7O1vbO7l90/aOowVhQaNOShagdEA2cSGoYZDu1IAREBh1Ywvpz5rVtQmoXyxkwi8AUZSjZglBgr9bLH0GUSd6CXdJXAgsnp2ZLNaOr3sjm34Noql/EMvIrrWahWK8ViFXtzy3VzaFn1Xva92w9pLEAayonWHc+NjJ8QZRjlMM3ku7GGiNAxGULHoiQCtJ/M75jivFX6eBAq+6TBczXzbSIhQuuJCGynIGakf3sz8S+vE5tBxU+YjGIDki4WDWKOTYhnoeA+U0ANn1ggVDH7WUxHRBFqbHQZm8LXqfh/aBYLXrlQui7lahfLPNLoCJ2gU+Shc1RDV6iOGoiiO/SAntCzc+88Oi/O66I15SxnDtGPct4+AaJumSg=</latexit>

e 2 [emin, eth]
<latexit sha1_base64="TojipUniZK5pojQ2HuMmFtMnLg8="></latexit>

N (e) = exp(N⌃(e))
e> eth: energy 
landscape 
dominated by 
saddles, not by 
minima

Σ

e

Threshold 
Marginal states

Ground state



The spherical p-spin model
Solutions to the angular equations:

T = 0 : 
• minima exist with energies
• There is an exponential number of them
• Σ 𝑒$"% = 0, and Σ is concave, increases with e 

<latexit sha1_base64="CHX3lqjvBNr9bl0EsXeFn3C2UhI=">AAACB3icdZDLSgMxFIYz9VbrrepShGApuJAyU0ptd0U3LivYC7RDyaSnbWiSGZKMUIauXPkorgQFceszuPJtTC+Cih4IfPz/OZycP4g408Z1P5zUyura+kZ6M7O1vbO7l90/aOowVhQaNOShagdEA2cSGoYZDu1IAREBh1Ywvpz5rVtQmoXyxkwi8AUZSjZglBgr9bLH0GUSd6CXdJXAgsnp2ZLNaOr3sjm34Noql/EMvIrrWahWK8ViFXtzy3VzaFn1Xva92w9pLEAayonWHc+NjJ8QZRjlMM3ku7GGiNAxGULHoiQCtJ/M75jivFX6eBAq+6TBczXzbSIhQuuJCGynIGakf3sz8S+vE5tBxU+YjGIDki4WDWKOTYhnoeA+U0ANn1ggVDH7WUxHRBFqbHQZm8LXqfh/aBYLXrlQui7lahfLPNLoCJ2gU+Shc1RDV6iOGoiiO/SAntCzc+88Oi/O66I15SxnDtGPct4+AaJumSg=</latexit>

e 2 [emin, eth]
<latexit sha1_base64="TojipUniZK5pojQ2HuMmFtMnLg8="></latexit>

N (e) = exp(N⌃(e))

Instability: T*=T*(e)
Minima disappear at too high T

(merging with maxima)

e> eth: energy 
landscape 
dominated by 
saddles, not minima

Threshold 
Marginal states

Ground state



The spherical p-spin model
Solutions to the angular equations:

T = 0 : 
• minima exist with energies
• There is an exponential number of them
• Σ 𝑒$"% = 0, and Σ is concave, increases with e 

<latexit sha1_base64="CHX3lqjvBNr9bl0EsXeFn3C2UhI=">AAACB3icdZDLSgMxFIYz9VbrrepShGApuJAyU0ptd0U3LivYC7RDyaSnbWiSGZKMUIauXPkorgQFceszuPJtTC+Cih4IfPz/OZycP4g408Z1P5zUyura+kZ6M7O1vbO7l90/aOowVhQaNOShagdEA2cSGoYZDu1IAREBh1Ywvpz5rVtQmoXyxkwi8AUZSjZglBgr9bLH0GUSd6CXdJXAgsnp2ZLNaOr3sjm34Noql/EMvIrrWahWK8ViFXtzy3VzaFn1Xva92w9pLEAayonWHc+NjJ8QZRjlMM3ku7GGiNAxGULHoiQCtJ/M75jivFX6eBAq+6TBczXzbSIhQuuJCGynIGakf3sz8S+vE5tBxU+YjGIDki4WDWKOTYhnoeA+U0ANn1ggVDH7WUxHRBFqbHQZm8LXqfh/aBYLXrlQui7lahfLPNLoCJ2gU+Shc1RDV6iOGoiiO/SAntCzc+88Oi/O66I15SxnDtGPct4+AaJumSg=</latexit>
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N (e) = exp(N⌃(e))

Are these minima relevant?
If so, which ones?



The spherical p-spin model
Solutions to the angular equations:

T = 0 : 
• minima exist with energies
• There is an exponential number of them
• Σ 𝑒$"% = 0, and Σ is concave, increases with e 
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N (e) = exp(N⌃(e))

T > Td: Minima exist, but occupy a 
vanishing fraction of phase space.
The ergodic paramagnetic solution
(mi = 0) dominates



The spherical p-spin model
Solutions to the angular equations:

T = 0 : 
• minima exist with energies
• There is an exponential number of them
• Σ 𝑒$"% = 0, and Σ is concave, increases with e 
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Minimizer of 

TK < T< Td: Gibbs weight is dominated 
by non-trivial minima f*
(cf. DPRM and REM) 
The full free energy remains analytic:

<latexit sha1_base64="zUcMqqnOeHo8PqP6O2GonAMmpp8="></latexit>

ffull(T ) = f⇤ � T⌃(f⇤)
!
= fpara(T )
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BUT: dynamics gets stuck in pure 
states   → non-ergodic

TK < T< Td: Gibbs weight is dominated 
by non-trivial minima f*
(cf. DPRM and REM) 
The full free energy remains analytic:
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TK < T< Td: Gibbs weight is dominated 
by non-trivial minima f*
(cf. DPRM and REM) 
The full free energy remains analytic:
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The spherical p-spin model
Solutions to the angular equations:

T = 0 : 
• minima exist with energies
• There is an exponential number of them
• Σ 𝑒$"% = 0, and Σ is concave, increases with e 
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N (e) = exp(N⌃(e))

BUT: dynamics gets stuck in pure 
states   → non-ergodic
Beyond mean field: onset of activated 
dynamics across (finite barriers)

TK < T< Td: Gibbs weight is dominated 
by non-trivial minima f*
(cf. DPRM and REM) 
The full free energy remains analytic:
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The spherical p-spin model
Solutions to the angular equations:

T = 0 : 
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• There is an exponential number of them
• Σ 𝑒$"% = 0, and Σ is concave, increases with e 
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N (e) = exp(N⌃(e))

T = TK: Freezing transition 
(“Kauzmann temperature”):
(cf. DPRM and REM) 
Thermodynamic transition
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T = TK: Freezing transition 
(“Kauzmann temperature”):
(cf. DPRM and REM) 
Thermodynamic transition

Equilibrium free energy: Higher 
than paramagnetic continuation!



The spherical p-spin model
Solutions to the angular equations:

T = 0 : 
• minima exist with energies
• There is an exponential number of them
• Σ 𝑒$"% = 0, and Σ is concave, increases with e 
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N (e) = exp(N⌃(e))

T = TK: Freezing transition 
(“Kauzmann temperature”):
(cf. DPRM and REM) 
Thermodynamic transition

Equilibrium free energy: Higher 
than paramagnetic continuation!

BUT: Dynamically inaccessible!



First order nature of the dynamic transition
Important difference to p=2 spin glasses: 

Paramagnetic state m = 0 has no instability!
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G({mi})
N

=
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Energy gain: O(mp) Entropic cost: O(m2)

Energy-entropy balance of freezing:
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Important difference to p=2 spin glasses: 

Paramagnetic state m = 0 has no instability!
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N

=

Energy gain: O(mp) Entropic cost: O(m2)

Energy-entropy balance of freezing:

Continuously emerging minima with very small m are possible only for p=2!

≪
𝑝 > 2,𝑚 ≪ 1



First order nature of the dynamic transition
Important difference to p=2 spin glasses: 

Paramagnetic state m = 0 has no instability!

For p > 2: intra-state overlap q jumps to finite value in the minima! 
• Discontinuous (first-order-like) onset of frozen magnetization 
• No instability of paramagnetic state
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Spin glass universality classes
Two different types of (mean field) spin glasses

Discontinuous 
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“Full replica symmetry breaking” 

MF-Model for real spin glasses MF-analogon for structural glasses

p ³ 3

Next time:



Given these metastable states, how does the 
spin dynamics sense them? 



Dynamics
T. Castellani and A. Cavagna 
Spin-Glass Theory for Pedestrians, cond-mat/0505032 

Langevin equation

Enforces the spherical constraint



Dynamics
T. Castellani and A. Cavagna 
Spin-Glass Theory for Pedestrians, cond-mat/0505032 

<latexit sha1_base64="AAraNuBKIGAY3Skwz4QyG3pkQtU="></latexit>
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i

Langevin equation

Enforces the spherical constraint

Disorder averaged dynamics: C and R are the same as for a single spin with memory and modified noise: 

Correlation and response

... Closed self-consistent equations
<latexit sha1_base64="ujDl6dpLy58DDdB/TIsMy/lLmWc="></latexit>

@tC = fC [C(t0), R(t0)] @tR = fR[C(t0), R(t0)]...



Dynamics
T. Castellani and A. Cavagna 
Spin-Glass Theory for Pedestrians, cond-mat/0505032 

In an ergodic regime: 

Expect: time translational invariance (TTI)

Fluctuation dissipation relation: response function (dissipation) and correlation function (fluctuation) 
are linked [time-differential version of:                                        ]   

<latexit sha1_base64="4ekAudPUv8gaxBqWEY8jETZFFHs="></latexit>
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T
hsisji

Equation for 𝐶 𝜏
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Fluctuation dissipation relation: response function (dissipation) and correlation function (fluctuation) 
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T
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→ Self-consistent evolution equation for average the spin –spin correlator C only:

Diffusion under thermal noise Counteracted (𝐶̇ < 0!) by memory: caging effect! Strong at low T.
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At Td: get stuck (Ċ = 0)
in the threshold states:
at C= qth !



P-spin models vs structural glasses?

Why should p-spin models be reasonable 
models for supercooled liquids (structural 

glasses) without disorder? 

Compare dynamics!



A simple model for supercooled liquids
Kirkpatrick, Thirumalai, Wolynes

𝜙(𝑟): local density Simple liquid Hamiltonian 

Langevin equation



A simple model for supercooled liquids

• Field theory for dynamics (perturbative expansion in g)
• Approximately resum diagrammatics (“no vertex corrections”)

“Mode coupling theory” (exact for large number of field components)
• Compare with Langevin dynamics for spherical spins with p-spin interactions:

→ Identical dynamical equations for response and correlation functions!
(even though there is no disorder in the liquid Hamiltonian!!)

Conjecture / Belief: Glass transition and structure of glass phase of p-spin 
models with p>2 capture the essence of the physics of structural glasses!  

Kirkpatrick, Thirumalai, Wolynes

𝜙(𝑟): local density Simple liquid Hamiltonian 

Langevin equation


